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1. Introduction
Otsuki tori were introduced by Otsuki [1] in quite an implicit way and were given the present name by Penskoi in [2],
where the Otsuki tori were re-defined as a part of a general construction by Hsiang and Lawson of minimal submanifolds of
low cohomogeneity proposed in [3]. Most interestingly, Penskoi [2] showed that the Otsuki tori provide an extremal metric
for the invariant spectral functional.
In this paper, we are interested in finding further properties of the Otsuki tori by relating them to another important
functional, i.e., the Willmore functional. Recall that the classicalWillmore functional orWillmore energy is defined by
W˜ (f˜ ) =

M
H˜2 dA˜,
where f˜ : M ↩→ R3 is a smooth immersion of a compact orientable surface into Euclidean 3-space, H˜ is the mean curvature
of the immersed surface and dA˜ is the area element of the induced metric onM .
TheWillmore functional iswell-knownas an invariant under conformal changes of themetric ofR3. Given a compact two-
dimensionalmanifoldM , it is interesting to seek the infimumof theWillmore functional over all immersions f˜ : M ↩→ R3. It
is well-known that W˜ ≥ 4π for any immersed compact surfaces, with equality holding only whenM embedded as a round
sphere in R3. The calculation of W˜ for tori with various symmetries led Willmore to the following conjecture:
Willmore Conjecture ([4]). The Willmore energy of any smooth immersed torus in R3 should satisfy
W˜ ≥ 2π2, (1.1)
and the equality in (1.1) is achieved by the embedded torus T 2 given by
(θ, ϕ) → ((√2+ cosϕ) cos θ, (√2+ cosϕ) sin θ, sinϕ).
The above torus can be obtained by stereographic projection of the minimal Clifford torus in S3.
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From inverse stereographic projection of R3 onto S3, the Willmore functional has an equivalent formulation in the unit
3-sphere S3 that can be rewritten as (cf. [5])
W (f ) =

M
(1+ H2) dA,
where f : M ↩→ S3 is a compact orientable surface immersion, f is the composition map of f˜ with the inverse stereographic
projection, and H and dA are the mean curvature of the immersed surface and the area element of the induced metric onM ,
respectively.
Towards verifying the Willmore conjecture, several partial answers have been obtained (cf. [6–8,5,9] and references
therein). We should note that the existence of an embedded torus which minimizes theWillmore functionalwas established
by Simon [10]. We notice also that Barros and Ferrández [11] obtained the best possible lower bound for the Willmore
energy for isoareal Hopf tori. Most recently, an important paper by Marques and Neves [12] appeared, which finally settled
the Willmore conjecture by using the min–max theory of minimal surfaces.
Some authors are also interested in the study of the so calledWillmore surfaces, i.e., the critical surfaces of the Willmore
functional, so many special Willmore surfaces have been constructed (see e.g. [13–17]). Minimal surfaces in the sphere are
obviously examples of Willmore surfaces; nevertheless, Pinkall [18] constructed, as an application of Hopf tori, an infinite
series of compact embedded non-minimal Willmore surfaces in S3.
In this paper, we are concerned with the Otsuki tori and their Willmore energies. In Section 2, unlike [2] we will present
in explicit form for the immersion of Otsuki tori into S3 of R4. In Sections 3 and 4, we will calculate the Willmore energies
of the Otsuki tori, and their lower and upper bound estimates are established. In Section 5, we further discuss the antipodal
invariance of the Otsuki tori, in such cases, better lower bound estimates of their Willmore energies are obtained.
To state our results, we recall that for each rational number pq such that p, q > 0, (p, q) = 1 and 12 < pq <
√
2
2 , there
exists an immersed minimal torus in S3, which is called an Otsuki torus and denoted by Op/q (see [2]). Then we can state our
results as follows:
Theorem 1.1. For all positive integers p, q such that (p, q) = 1 and 12 < pq <
√
2
2 , the Willmore energy of the Otsuki torus Op/q
has the following estimate:
4πq < W (Op/q) <
√
2π2q.
Theorem 1.2. The Otsuki torus Op/q is invariant under the antipodal map of S3 if and only if there exist positive integers m, n
such that
p
q
= 2n+ 1
2m
.
As a direct consequence, we have the following result, which is of independent meaning.
Corollary 1.1. Suppose that Op/q is an Otsuki torus which is invariant under the antipodal map; then we have W (Op/q) > 32π .
2. Otsuki tori
In [1], Otsuki studied minimal hypersurfaces of Sn+1 with two distinct principal curvatures. It turns out that if a minimal
hypersurface has two distinct principal curvatures and each one has multiplicity greater than 1, it must be the Clifford
hypersurface. Otsuki also constructed a lot of compact minimal hypersurfaces in Sn+1 for which one of the two principal
curvatures has multiplicity 1. When restricted to the case n = 2, the constructed compact hypersurfaces are in fact tori, and
they were named Otsuki tori in [2].
Let us consider S3 ⊂ R4 = R2 × R2 and let (e¯1, e¯2) denote a moving orthonormal frame in the first R2. Put
de¯1 = ω¯12e¯2, de¯2 = ω¯21e¯1, ω¯12 + ω¯21 = 0.
Let us take a plane curve Γ in the second R2, with a given supporting function h(θ). Through the identification R2 = C,
the generic point of Γ is given by [1]
q(θ) = ei(θ− π2 )(h(θ)+ ih′(θ)) = h′(θ)eiθ − h(θ)ei(θ+ π2 ).
Definition 2.1. LetMΓ be a surface defined in S3 as the locus of the point
p = q(θ)+

1− h2 − (h′)2e¯2,
where Γ is assumed to be a plane curve contained in the unit circle of R2, parameterized by
q(θ) = ei(θ− π2 )(h(θ)+ ih′(θ)), (2.1)
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and h(θ) is a solution of the following differential equation:
2h(1− h2) d
2h
dθ2
+

dh
dθ
2
+ (1− h2)(2h2 − 1) = 0, (2.2)
with 0 < h(0) = a0 ≤ 1√2 , h′(0) = 0. ThenMΓ gives us a complete minimal surface in S3 and we call it an Otsuki surface.
Remark 2.1. (i) The above definition of theOtsuki surfacewas given by Otsuki in [1]. Note that there exists a unique constant
solution of Eq. (2.2), namely h(θ) ≡ 1√
2
. The corresponding minimal surface is
M = S1

1
2

× S1

1
2

.
As pointed out by Otsuki, for a non-constant solution of (2.2), h(θ) (0 < h(θ) < 1) is periodic with respect to θ and the
periodΘ(a0) of the solution h(θ, a0) is clearly given by the integral
Θ(a0) = 2
 1−a20
a0
dh
1− h2 − C

1
h2
− 1
1/2 ,
where a0 = min h(θ), 0 < a0 < 1√2 and C = a0(1− a20)1/2.
Clearly,MΓ is compact, and in particular imbedded in S3 if and only if theminimum periodΘ(a0) of the solution h(θ, a0)
is 2π× a rational. In such cases,MΓ is homeomorphic to S1 × S1; it is actually a minimal torus in S3, i.e., the Otsuki torus.
(ii) Let κ0, κ1 denote the principal curvatures of the Otsuki torusMΓ ; then we have
κ1 = h√
1− h2 , κ2 =
h√
1− h2 −
1− h2 − (h′)2
(h+ h′′)(1− h2)3 .
It follows that the Gaussian curvature is K = 1−2h2
1−h2 , showing that K = 0 if and only if h ≡ 1√2 (i.e. MΓ is the embedded
minimal Clifford torus). Therefore, the Otsuki tori are not flat tori except for the particular case h ≡ 1√
2
. On the other hand,
as minimal surfaces in S3, the Otsuki tori are all Willmore tori.
Let (x, y, u, v) be the Euclidean coordinates in R4. By defining
e¯1 = ei(α− π2 ), e¯2 = eiα, α ∈ [0, 2π),
we can write the generic point ofMΓ ⊂ R4 as
x =

1− h2 − (h′)2 cosα,
y =

1− h2 − (h′)2 sinα,
u = h(θ) sin θ + h′(θ) cos θ,
v = h′(θ) sin θ − h(θ) cos θ.
(2.3)
Otsuki [19] showed that if we have a plane curve Γ defined by (2.1) with support function h(θ), then h satisfying (2.2) is
equivalent to Γ being a geodesic of the two-dimensional Riemannian manifold O22 defined on the unit disk u
2 + v2 < 1 of
R2, with the metric
ds2 = (1− v2)du2 + 2uvdudv + (1− u2)dv2.
Note that 0 < h(θ) < 1 for all θ ; the curve Γ is in fact a geodesic of the Riemannian manifold ((O22)
∗, ds2), where
(O22)
∗ = {(u, v) ∈ R2 | 0 < u2 + v2 < 1}.
Let us write u = cosϕ cos θ, v = cosϕ sin θ , 0 < ϕ < π2 , 0 ≤ θ < 2π . Then direct computation shows that the
transformation is reversible and
ds2 = sin2 ϕ(dϕ2 + cos2 ϕdθ2) :, g1.
Put D , {(ϕ, θ) | 0 < ϕ < π2 , 0 ≤ θ < 2π}. Let γ (t) = (ϕ(t), θ(t)) denote the geodesic Γ ⊂ D with respect to
the metric g1. We will assume that Γ is a closed geodesic hereafter. By (2.3) we easily see that the Otsuki torus MΓ has an
immersion expression in R4 as follows:
x = sinϕ(t) cosα,
y = sinϕ(t) sinα,
u = cosϕ(t) cos θ(t),
v = cosϕ(t) sin θ(t),
(2.4)
where α ∈ [0, 2π). Therefore, we have the following equivalent definition of the Otsuki torus.
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Definition 2.2. Let γ (t) = (ϕ(t), θ(t)) be a closed geodesic of (D, g1). Then we have, defined by (2.4), a smooth compact
surface immersed in S3 ⊂ R4, which we call an Otsuki torus.
Remark 2.2. Let β ∈ [0, 2π) be a parameterization of SO(2); by considering the action of SO(2) on S3, given by the formula
β · (x, y, u, v) = (cosβx+ sinβy,− sinβx+ cosβy, u, v),
we see that the Otsuki tori are in fact SO(2)-invariant two-dimensional immersed minimal tori in S3 (cf. [2]).
Proposition 2.1 (See [3,1,2]). Except for one particular case given by ϕ ≡ π4 (this corresponds to the Clifford torus), the Otsuki
tori are in one-to-one correspondence with rational numbers pq such that
1
2
<
p
q
<
√
2
2
, p, q > 0, (p, q) = 1.
In the sequel of this paper, we denote by Op/q the Otsuki torus corresponding to a rational number
p
q and by Γp/q its
corresponding closed geodesic in (D, g1).
3. The length of the closed geodesic Γp/q in (D, g1)
In order to study the length of the closed geodesic Γp/q in (D, g1), let us use the standard notation
E = sin2 ϕ, G = sin2 ϕ cos2 ϕ
to denote the coefficients of the metric g1.
The equation of geodesic for θ¨ reads
θ¨ + 1
G
∂G
∂ϕ
ϕ˙θ˙ = 0, i.e. d
dt
(Gθ˙ ) = 0.
Hence c = Gθ˙ is an integral of motion and
θ˙ = c
G
. (3.1)
Without loss of generality, we assume that the geodesic is arc-length parameterized. Hence we have
Eϕ˙2 + Gθ˙2 = 1, and so ϕ˙2 = G− c
2
EG
. (3.2)
Observe that 0 < ϕ < π2 , there exists a positiveminimal value a of the coordinate ϕ on the closed geodesic and it follows
that c = √G |ϕ=a = ± sin a cos a. From (3.2) we can easily get that ϕ is monotone increasing from a to π2 −a, thenmonotone
decreasing from π2 − a to a, and then this pattern repeats; hence the geodesic is situated in the annulus a ≤ ϕ ≤ π2 − a.
Let us choose the parameter t such that ϕ(0) = a, and ϕ˙(0) = 0; without loss of generality we assume that
θ(0) = 0, θ˙ (0) > 0.
If a = π4 , then ϕ(t) ≡ π4 . We deduce immediately that this is the Clifford torus in S3 with a standard parameterization
x = 1√
2
cosα,
y = 1√
2
sinα,
u = 1√
2
cos θ,
v = 1√
2
sin θ.
It is easy to see that the length of the closed geodesic ϕ = π4 in (D, g1) is π and that the Willmore energy of the Clifford
torus is 2π2.
Next, we suppose that a ∈ (0, π4 ). LetΩ(a) denote the difference between the values of θ when ϕ changes from a to the
nearest value π2 − a. Then, by using (3.1) and (3.2), we have (see [2] and pp. 24 of [3])
Ω(a) =
 π
2 −a
a
dϕ
cosϕ

sin2 ϕ cos2 ϕ
sin2 a cos2 a
− 1
.
It is clear that the geodesic is closed if and only if Ω(a) = pqπ for some rational number pq . If they occur, we denote by
Op/q and Γp/q the corresponding torus and closed geodesic, respectively.
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On the other hand, in order to calculate the arc length of the geodesic Γ , we need to know the difference ℓ(a) between
the values of t when ϕ changes from a to the nearest value π2 − a. Now by (3.2), i.e.
d t
dϕ
= ± sin
2 ϕ cosϕ
sin2 ϕ cos2 ϕ − sin2 a cos2 a
,
we get
ℓ(a) =
 π
2 −a
a
sin2 ϕ cosϕ
sin2 ϕ cos2 ϕ − sin2 a cos2 a
dϕ. (3.3)
Then, we have the following:
Proposition 3.1. For the Otsuki torus Op/q, the arc length L(Γp/q) of the closed geodesic Γp/q in (D, g1) satisfies L(Γp/q) = 2qℓ(a).
Proof. For the Otsuki torus Op/q, there exists a ∈ (0, π4 ) such that Ω(a) = pqπ , where 12 < pq <
√
2
2 , p, q > 0, and
(p, q) = 1. As Ω(a) = pqπ is the difference between the values of θ in consecutive minima and maxima of ϕ, it follows
that the difference between values of θ in two consecutive minima is 2Ω(a) = 2πp/q. Since the geodesic is closed, the
coordinate ϕ attains the minimal value a a total of q times. Note that the difference between the values of the arc-length
parameter t in two consecutive minima of ϕ is 2ℓ(a), so we get L(Γp/q) = 2qℓ(a). 
Remark 3.1. We note that the Otsuki torus Op/q being imbedded in S3 is equivalent to the period Ω(a) attaining π/m for
some integer m ≥ 1. As there exists no integer m such that pq = 1m with the condition 12 < pq <
√
2
2 , the Otsuki tori, except
the minimal Clifford torus, have self-intersections (see [3,19]). As an application of the Li–Yau result (cf. Theorem 6 of [7])
we conclude thatW (Op/q) ≥ 8π .
4. The Willmore energy of the Otsuki torus Op/q
Let us assume that e¯2 = eiα for the parameter α ∈ [0, 2π), and let t be the arc-length parameter of the closed geodesic
Γp/q such that t takes values in the interval [0, L(Γp/q)).
Proposition 4.1. Let Op/q be an Otsuki torus parameterized by α and t as described above; then the metric induced by the
immersion Op/q ↩→ S3 has the form
sin2 ϕ(t)dα2 + sin−2 ϕ(t)dt2, (4.1)
and the area of Op/q is 2πL(Γp/q).
Proof. According to (2.4), the metric of the Otsuki torus Op/q induced from the unit 3-sphere S3 is given by the formula
sin2 ϕ(t)dα2 + (ϕ˙2(t)+ cos2 ϕ(t)θ˙2(t))dt2.
On the other hand, (3.2) implies that
ϕ˙2(t)+ cos2 ϕ(t)θ˙2(t) = sin−2 ϕ(t).
Hence we have (4.1).
It follows immediately from (4.1) that the area form is dαdt; then
Area (Op/q) =
 2π
0
 L(Γp/q)
0
dαdt = 2πL(Γp/q). 
Combining Propositions 3.1 and 4.1, we have
W (Op/q) =

Op/q
(1+ H2) dA =

Op/q
dA = Area (Op/q) = 4πqℓ(a). (4.2)
This fact reduces investigation of the Willmore energy of the Otsuki tori to that of the transcendental function ℓ(a). First of
all, we have:
Lemma 4.1. For a ∈ (0, π4 ), it holds that
ℓ(a) = E

cos2 a− sin2 a
cos a

cos a,
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where, for 0 < k < 1, E(k) =  10  1−k2α21−α2 dα is the complete elliptic integral of second kind. Furthermore, we have
lim
a→0 ℓ(a) = 1, lima→ π4
ℓ(a) =
√
2
4
π.
Proof. By (3.3) and carrying out variable transformations, we have
ℓ(a) =
 π
2 −a
a
sin2 ϕ cosϕ
sin2 ϕ cos2 ϕ − sin2 a cos2 a
dϕ
=
 cos a
sin a
t2
t2(1− t2)− sin2 a cos2 a
dt
= 1
2
 cos2 a
sin2 a
√
x
(x− sin2 a)(cos2 a− x)
dx.
By letting x = sin2 a+ y cos 2a in the last integrand, we easily obtain
ℓ(a) = 1
2
 1
0

sin2 a+ y cos 2a√
y(1− y) dy =
 1
0

sin2 a+ t2 cos 2a√
1− t2 dt
=
 1
0
√
cos2 a− s2 cos 2a√
1− s2 ds = cos a
 1
0

1− cos 2a
cos2 a
s2
√
1− s2 ds
= E

cos 2a
cos2 a

cos a = E

cos2 a− sin2 a
cos a

cos a. (4.3)
Finally, by continuity we have
lim
a→0 ℓ(a) = limk→1 E(k) = 1, lima→ π4
ℓ(a) = lim
k→0 E(k) cos
π
4
=
√
2
4
π. 
Remark 4.1. Ω(a) is also a complicated transcendental function; in the paper [3], Hsiang and Lawson gave an expression
for it in terms of the complete elliptic integrals of the first and third kinds. In fact, it can be expressed in terms of an elliptic
integral of the third kind alone:
Ω(a) = 1
sin a
H

sin2 a− cos2 a
sin2 a
,

cos2 a− sin2 a
cos a

,
where H(b, k) is the complete elliptic integral of the third kind defined by
H(b, k) =
 1
0
1
(1− bα2)(1− α2)(1− k2α2)dα.
Lemma 4.2. The function ℓ(a) has the following properties:
(1) ℓ(a) is differentiable and strictly increasing on (0, π4 ).
(2) 1 < ℓ(a) <
√
2
4 π for all a ∈ (0, π4 ).
Proof. From (4.3) we have
ℓ(a) = 1
2
 1
0

sin2 a+ y cos 2a√
y(1− y) dy
= 1
2
 1
2
0

sin2 a+ y cos 2a√
y(1− y) dy+
1
2
 1
1
2

sin2 a+ y cos 2a√
y(1− y) dy.
Carrying out the variable transformation y = 1− t in the above second integrand, we see that 1
1
2

sin2 a+ y cos 2a√
y(1− y) dy =
 1
2
0

cos2 a− y cos 2a√
y(1− y) dy.
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Hence we have
ℓ(a) = 1
2
 1
2
0

sin2 a+ y cos 2a+cos2 a− y cos 2a√
y(1− y) dy. (4.4)
Putting
F(a, y) =

sin2 a+ y cos 2a+cos2 a− y cos 2a
2
√
y(1− y) ,
we then see that
Fa(a, y) = ∂F(a, y)
∂a
= (1− 2y) sin 2a
4
√
y(1− y)

cos2 a− y cos 2a−

y cos 2a+ sin2 a


(sin2 a+ y cos 2a)(cos2 a− y cos 2a)
.
It is easily seen that Fa(a, y) > 0 on (0, π4 )× (0, 12 ). This, together with (4.4), immediately implies the first assertion.
The combination of Lemma 4.1 and the monotonicity of ℓ(a) then verifies the second assertion. 
From Lemma 4.2 and (4.2), we have:
Theorem 4.1. For all positive integers p, q such that (p, q) = 1 and 12 < pq <
√
2
2 , the Willmore energy of the Otsuki torus Op/q
has the following estimate:
4πq < W (Op/q) <
√
2π2q.
Remark 4.2. For positive integers p, q such that (p, q) = 1 and 12 < pq <
√
2
2 , it is easily seen that q ≥ 3. Therefore, the
Willmore energy of the Otsuki torus Op/q has the estimateW (Op/q) > 12π .
Given a closed surfaceΣ and a Riemannianmetric g onΣ , one can consider the invariant spectral functionalΛi(Σ, g) =
λi(Σ, g)Area (Σ, g), where ∆ is the associated Laplace operator of (Σ, g) and λi(Σ, g) denotes the ith eigenvalue of ∆.
In [2], Penskoi showed that the metric induced on an Otsuki torus Op/q by its immersion Op/q ↩→ S3 is an extremal metric
for the functionΛ2p−1(T2, g), and the valueΛ2p−1(Op/q) equals 4π times the length of the geodesic Γp/q with respect to the
metric g1. From this fact and our previous results, we obtain the following:
Corollary 4.1. Let Op/q be an Otsuki torus, where p, q > 0, (p, q) = 1 and 12 < pq <
√
2
2 ; then we have
8πq < Λ2p−1(Op/q) < 2
√
2π2q.
5. The invariance of Otsuki tori under the antipodal map
It is easily seen that the Clifford torus is invariant under the antipodal map of S3. Moreover, Ros [8] proved theWillmore
conjecture for tori M ⊂ S3 that are invariant under the antipodal map. In this section, we will consider the problem of
whether the Otsuki tori are all invariant under the antipodal map.
First of all, we consider the special case O 5
8
.
Example 5.1. For the Otsuki torus O 5
8
, there exists a ∈ (0, π4 ) such thatΩ(a) = 58π . The coordinate functions x, y, u and v,
being restricted to the Otsuki torus O 5
8
, are given by the formulas
x|O 5
8
= sinϕ(t) cosα,
y|O 5
8
= sinϕ(t) sinα,
u|O 5
8
= cosϕ(t) cos θ(t),
v|O 5
8
= cosϕ(t) sin θ(t),
where α ∈ [0, 2π), t ∈ [0, 16ℓ(a)].
For any point (x0, y0, u0, v0) ∈ O pq , suppose that (α0, t0) is the point corresponding to (x0, y0, u0, v0)with respect to the
coordinate (α, t). Without loss of generality, we may assume that α0 ∈ [0, π), t0 ∈ [0, 8ℓ(a)]. Since
ϕ(t0 + 8ℓ(a)) = ϕ(t0), θ(t0 + 8ℓ(a)) = θ(t0)+ 5π,
the corresponding point of (α0+π, t0+8ℓ(a)) ∈ O 5
8
is (−x0,−y0,−u0,−v0). Hence the Otsuki torus O 5
8
is invariant under
the antipodal map.
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For the general situation, we have the following result.
Theorem 5.1. The Otsuki torus Op/q is invariant under the antipodal map of S3 if and only if there exist positive integers m, n
such that
p
q
= 2n+ 1
2m
.
Proof. The proof of the ‘‘if’’ part is obvious; we only deal with the ‘‘only if’’ part.
For the Otsuki torus O p
q
, there exists a ∈ (0, π4 ) such that Ω(a) = pqπ . For any point (x0, y0, u0, v0) ∈ O pq , we assume
that (α0, t0) and (α1, t1) (t1 > t0) are the points corresponding to (x0, y0, u0, v0) and (−x0,−y0,−u0,−v0), respectively,
with respect to the coordinate (α, t), α ∈ [0, 2π), t ∈ [0, 2qℓ(a)].
By assumption, we have
x0 = sinϕ(t0) cosα0, −x0 = sinϕ(t1) cosα1, (5.1)
y0 = sinϕ(t0) sinα0, −y0 = sinϕ(t1) sinα1, (5.2)
u0 = cosϕ(t0) cos θ(t0), −u0 = cosϕ(t1) cos θ(t1), (5.3)
v0 = cosϕ(t0) sin θ(t0), −v0 = cosϕ(t1) sin θ(t1). (5.4)
From (5.1) and (5.2), we deduce that tanα0 = tanα1 and thus α1 = α0 + kπ for some k ∈ Z. If k is even, then
sinϕ(t1) = − sinϕ(t0), which is impossible because ϕ(t0), ϕ(t1) ∈ (0, π2 ). Hence k is odd andwe have sinϕ(t0) = sinϕ(t1).
It follows that
ϕ(t1) = ϕ(t0). (5.5)
From (5.3)–(5.5), we get
θ(t1) = θ(t0)+ (2n+ 1)π, for some n ∈ N. (5.6)
By (3.2) and (5.5), there exists a positive integerm such that t1 = 2mℓ(a)± t0.
If t1 = 2mℓ(a)+ t0, then θ(t1) = θ(t0)+2mπ pq = θ(t0)+ (2n+1)π , and therefore we have the assertion that pq = 2n+12m .
If t1 = 2mℓ(a)− t0, we have θ(t1) = 2mπ pq −θ(t0) = θ(t0)+(2n+1)π . It follows that θ(t0) = m(t0)π pq −(n(t0)+ 12 )π ,
which is impossible due to the differentiability of θ(t) as well as θ˙ (t) > 0.
This completes the proof of our theorem. 
Moreover, if there exist positive integers m, n such that pq = 2n+12m with the condition 12 < pq <
√
2
2 , then it must be the
case that q ≥ 8. Hence by Theorem 4.1 we have:
Corollary 5.1. Suppose that Op/q is an Otsuki torus which is invariant under the antipodal map; then we have W (Op/q) > 32π .
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